ABSTRACT. In this paper we prove certain Hurwitz equivalence properties in B n . Our main result is that every two Artin's factorizations of ∆
Topological Background
In this section we recall some basic definitions and statements from [3] : Let D be a closed disk on R 2 , K ⊂ D finite set, u ∈ ∂D. Any diffeomorphism of D which fixes K and is the identity on ∂D acts naturally on Π 1 = Π 1 (D − K, u). We say that two such diffeomorphisms of D (which fix K and equal identity on ∂D) are equivalent if they define the same automorphism on Π 1 (D − K, u). This equivalence relation is compatible with composition of diffeomorphism and thus the equivalence classes form a group.
Let D, K be as above, n = #K, and let B be the group of all diffeomorphisms β of D such that β(K) = K, β| ∂D = Id ∂D . For β 1 , β 2 ∈ B we say that β 1 is equivalent to β 2 if β 1 and β 2 define the same automorphism of Π 1 (D − K, u). 
Definition 1.4. l(q).
Let c be a small loop equal to the oriented boundary of a small environment V of w 0 chosen so that q ′ = q − (V q) is a simple path. Then l(q) = q ′ c q ′ −1 . We also use the notation l(q) for the element of Π 1 (D − K, u) corresponding to l(q).
Consider in D an ordered set of simple paths (T 1 , ..., T n ) connecting w i ∈ K with u such that:
(
is a single point and the order in (u
is consistent with the positive ("counterclockwise") orientation of c(u). We say that two such sets (T 1 , ..., T n ) and
An equivalent class of such sets is called a bush in (D − K, u). The bush represented by (T 1 , ..., T n ) is denoted by < T 1 , ..., T n >. It is well known that Π 1 (D − K, u) is a free group.
Definition 1.6. g-base
A g-base of Π 1 (D − K, u) is an ordered free base of Π 1 (D − K, u) which has the form (l(T 1 ), ..., l(T n )) where < T 1 , ..., T n > is a bush in (D − K, u).
Let D and K be defined as above. Let a, b ∈ K, K a,b = K\{a, b} and σ be a simple path (without a self intersection) in D\∂D connecting a with b such that σ K = {a, b}. Choose a small regular neighborhood U of σ such that K a,b U = φ, and an orientation preserving diffeomorphism ψ :
, r ≥ 0, be a real smooth monotone function such that α(r) = 1 for r ∈ [0, 3/2] and α(r) = 0 for r ≥ 2. Define a diffeomorphism h :
. It is clear that the restriction of h to {z ∈ C 1 ||z| ≤ 3/2} coincides with the 180
• positive rotation, and that the restriction to {z ∈ C 1 ||z| ≥ 2} is the identity map. The diffeomorphism ψ Let K = {a 1 , ..., a n } and σ 1 , ..., σ n−1 be a system of simple smooth paths in D − ∂D such that σ i connects a i with a i+1 and L = σ i is a simple smooth path. The ordered system of half-twists (H 1 , ..., H n−1 ) defined by
and the following is a complete list of relations:
Proof can be found for example in [3] . This theorem provides us with Artin's algebraic definition of Braid group.
Definition of Hurwitz Moves
Definition 2.1. Hurwitz move on G m (R k , R −1 k ) Let G be a group, − → t = (t 1 , ..., t m ) ∈ G m . We say that − → s = (s 1 , ..., s m ) ∈ G m is obtained from − → t by the Hurwitz move R k (or − → t is obtained from − → s by the Hurwitz move R −1 k ) if s i = t i for i = k, k + 1, s k = t k t k+1 t −1 k , s k+1 = t k .
Definition 2.2. Hurwitz move on factorization
Let G be a group and t ∈ G.
Definition 2.3. Hurwitz equivalence of factorization
The factorizations s 1 · · · s m , t 1 · · · t m are Hurwitz equivalent if they are obtained from each other by a finite sequence of Hurwitz moves. The notation is
Definition 2.4. Word in B n
A word in B n is a representation of braid as a sequence of the frame elements and their inverses.
Hurwitz Equivalence of Factorizations with Frame Elements
We already proved Proposition 3.3 in [6] . We provide here the proof once again since the logic use is basic for understanding the sequel.
We will need a certain result of Garside: Proof: [1] .
The following is obvious, nevertheless we give a short proof for clarification:
From Garside and the above, we get the following proposition: 2) is equal to an application of 2 Hurwitz moves R t+1 , R t . An application of the commutative relation is equal to an application of one Hurwitz move (on the commuting elements). Thus,
is a frame.
We apply 3.3 on ∆ 2 n :
is also a frame.
Proof:
, thus conjugating H ζ to the elements in the frame is the same as operating H ζ on each of the elements in (σ 1 , ..., σ n−1 ), and we get (H ζ (σ 1 ), ..., H ζ (σ n−1 )) which also defines a frame since:
• σ i is a simple smooth path.
is also a simple smooth path.
• if ζ connects a i with a j , H ζ (σ r ) connects a r with a r+1 when
This means that a i−1 , a i+1 are connected through a j , and a j−1 , a j+1 are connected through a i as shown in Figure 1 .
Proof:
It is enough to show that the words are equal and by 3.3 the factorizations are Hurwitz equivalent. 1.
2. X 1 ΠΠ = X 1 ΠX 1 ...X n−2 X n−1 and from 1. We get that X 1 ΠX 1 ...X n−2 X n−1 = X 1 X 2 ...X n−1 ΠX n−1 . .
n are Hurwitz equivalent.
We first consider the two extreme cases where j = n − 1 and j = 1.
In the case where, j = n − 1, by performing the series of Hurwitz moves {R −1
n (each of the Hurwitz moves is acting on one of the n factors in the product) we get that
Since X i [X n−1 ] = X i for i = n − 2, all elements in the factorization are of the form X i [X n−1 ] and by 3.7 they are all elements of the same frame.
Having the same frame elements and from 3.5 they are Hurwitz equivalent, and we get that:
The case where j = 1 is similar by performing the series of Hurwitz moves {R and get:
Since X j commutes with X 1 , ..., X j−2 , then by 3.2,
n .
(In fact we performed {{R m(n−1)+k } 1 k=j−2 } n−1 m=0 ). Again, X j commutes with X j+2 , ..., X n−1 so by 3.2:
which is Hurwitz equivalent to
(In fact we performed {R The previous factorization can be written as
by 3.8 (1) this factorization is Hurwitz equivalent to:
and by 3.8 (2) we get that
is Hurwitz equivalent to
Using 3.8 (1) n − j − 2 times we get that the above is Hurwitz equivalent to
Since A j+1 commutes with A 1 , ..., A j−1 then by 3.2:
By performing R (n−1) 2 +j (on A j+1 ), the factorization is Hurwitz equivalent to: For the rest of the proof we may assume that P is a positive braid. The rest of the proof will be performed by induction on the length of the positive braid P . The case where P = X i 1 was already proven.
The new elements are also a frame, so by applying 3.9 we get the equivalent factorization:
and therefore,
The Main Result
In the following section we will apply the previous proposition on all frames, by proving that every two frames of 
Let the system of paths (T 1 , ..., T n ), T i connecting u with a i ∈ K create a bush s.t.
Let γ i = l(T i ) then Γ = (γ 1 , ..., γ n ) is the g-base of the frame F as shown in Figure 2 . 
Proof:
Assuming that Γ is the g-base of the two frames F 1 and F 2 where , F 1 = (H(σ 1 ), ..., H(σ n−1 )) and F 2 = (H(ζ 1 ), ..., H(ζ n−1 )) and
Γ is the g-base of both frames, then σ i and ζ i connecting a i with a i+1 . H(σ i ) = H(ζ i ), therefore, ζ i and σ i are "separated" by a point a j = a i , a i+1 as shown in Figure 3 . The two paths start at a i and end at a i+1 therefore creating a cycle with a j inside. Since T j connects a j with u, T j σ i = φ or T j ζ i = φ and therefore Γ is not the g-base of both F 1 and F 2 . Proof: It was already proven in [3] that any braid b ∈ B n [D, K] transforms a gbase to a g-base. By Proposition 3.7, (H ζ (σ 1 ), ..., H ζ (σ n−1 )) defines a frame.
Since H ζ is a diffeomorphism, acting on σ 1 , ..., σ n−1 , γ 1 , ..., γ n does not create new intersection points while swapping a i with a j for both frame and g-base elements. Therefore, H ζ (Γ) is the g-base of the conjugated frame. Proof: Induction on the length of P using Proposition 4.3. ∽ (H 1 · · · H n−1 ) n and therefore, F i 1 · · · F i n(n−1) , H j 1 · · · H j n(n−1) are Hurwitz equivalent.
